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The Lax representation and Backlund transformations for the systems 
similar to WZNW (Wess-Zumino-Novicov-Witten) systems and non-abelian 
affine Toda models are obtained in present paper. One of these systems is a 
new integrable extension of well known sine-Gordon equation. 



1 Introduction 

Chiral-type systems (see e.g. [T]) are the systems of partial differential equa- 
tions of the form 

U: y + G%UlW y + Q a = 0. (1) 

Here the Greek indices a,/3, 7 range from 1 to n and the subscripts denote 
partial derivatives with respect to the independent variables x and y. The 
coefficients Crjg , Q a are assumed to be smooth functions of the variables 
U 1 , U 2 , U n . The summation rule over the repeated indices is also assumed. 

If system (|T]) is the system of Euler-Lagrange equations then the La- 
grangian can be given by 

L = g a(3 (U s )U:U,; + a a(3 (U 5 )U:U y e + Q(U S ), (2) 

where g a p is a non-degenerate symmetric matrix, a a/ 3 is a skew-symmetric 
matrix and Q is a smooth function of the variables U 1 , U 2 , U n . Notice that 

1 corresponding author 
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Euler-Lagrange systems for Lagrangian (J2J) usually are referred as general 
nonlinear sigma-models (see e.g. [2] ,|3j)- These systems contain the special 
class of systems referred as WZNW(Wess-Zumino-Novicov-Witten)(|3j , 

0,0)- 

Recall that the WZNW systems can be defined in the following way. Let 
H be a semi-simple Lie group, {U a ) a local coordinate system on H and 
= TpdU 13 a basis of left-invariant forms. Then 

G% = TfT* 7 (3) 

are the coefficients of the first flat affine connection of the group H. Here 
and further Tg denotes the inverse matrix for Tg and comma denotes the 
partial derivative 

Pa qjjj' 

WZNW system associated with the semi-simple Lie group H is the system 
of the form JTJ) with Q a = and coefficients defined by (JBJ). 

To obtain the Lagrangian L\ for WZNW system define a 2-form a = 
a a pdU a A dU@ which satisfies the condition 

da = h° aS C 5 ^ a A $ 7 A $ /3 . 
o 

Here are the structure constants of the group H determined by the basis 
$ a and h° a p is the Killing form of the Lie algebra f) of the group H with 
respect to the dual basis. Such 2-form a exist, at least locally, since 3-form 
$ = lhl 5 C a ^T 5 a TffidU a A dU~< A dU p is closed due to the Jacobi identity. 
Then the Lagrangian L\ is of the form 

Lx = h%TlTlU a x V p y + OapUZUjl. (4) 

It is well known that WZNW systems admit the Lax representation. 
In Section 2 the Euler-Lagrange systems for the Lagrangian 

L 2 = h^TlTplVl + ka a/3 U:u; 

are considered. Here k is an arbitrary constant, hP^T? ,a a p are of the same 
sense as above. We will call such systems the WZNW-like systems. The Lax 
representation and Backlund transformation for these WZNW-like systems 
are constructed in Section 2. 
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In Section 3 we give a slight addition to Lesnov-Saveliev construction [8J 
of Lax representation of nonlinear systems. Lesnov-Saveliev method affords 
to associate some integrable system with symmetric space G/H. The systems 
obtained by this way are usually referred as non-abelian affine Toda models 
( JHJ , PI)- Our observation affords to obtain additional integrable systems 
in case H is a direct product of simple Lie groups. Further we mention 
some new integrable systems associated with the symmetric spaces SO(p + 
3)/(50(p) x SO{3)),SO(p + 2)/{SO(p) x SO(2)). 

2 WZNW-like systems 

A construction of the Lax representation for some chiral field systems 

U: y + G%piUl = (5) 

is proposed here. 

Let 9 a be a basis of left-invariant forms of a Lie group G. It is well known 
that the forms a satisfy the Cartan structure equations 

dQ a = C£ C Q C A G b , (6) 

where C£ c are the structure constants. 

We say that system (JEJ) admits a Lax representation with the Lie group 
G if the system 

6 a = A a dx + B a dy (7) 

is completely integrable (in the sense of Frobenius) on solutions of the system 
(JEJ), i.e. if the substitution of expressions (JJJ) into (JEJ) results in the system 
equivalent to (JEJ). 

We will consider the groups for which Cartan's structure equations can 
be written in the form 

d9 a = Dfcp* A 0P, (8) 

dtf = C) k if k A <p> + A 0", (9) 

where D^, Cj fc , R 1 ^ = const, the Greece indices a, (3, 7 range from 1 to n 
(n=dimG/H), indices i, j, k range from 1 to r. 

It is well known [10] that Eqs.JHJ) and (JHJ) could also be considered as the 
structure equations of some locally symmetric space G/H, where C* fc are the 
structure constants of the isotropy group H. 
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We look for the Lax representation of system (JHJ) in the form 

e a = U^(XU^dx + ^dy), (10) 



<p* = (-K + H* a )UfUidx + (-r Q - K)U^dy, (11) 

where A is a parameter, U^T^H^ are the smooth functions of variables 
U 1 , U 2 , U n . Substitute the expressions (fT0" j) . (fTTf) into Eqs.JEJ). Taking into 
account J5J and collecting similar terms, we arrive at equations 

- UfG^ + D^iTl + K)U$U; = 0, (12) 



U«p - UfG 5 Pl + D^(Ti - Hl)U»U» = 0. (13) 



Subtracting (|T3j) from (|T2|) and separating out the symmetric and skew- 
symmetric parts of result, we obtain the equalities 

U^ 7] + D^U^ = 0, (14) 



D^Hp^ = 0. (15) 
Now from Eqs.^,^ in terms of it follows that 

Uf&m = DZHiU$U%, (16) 



VfGyH) = Uff>«) + D^lU^y (17) 

Analogously, substituting (jTTHl and ([TT]) into Eqs. ((OJ) and taking into account 
©.CEl,©,©,©, we get 

r^;H + ^^liAi^i] - TID^T^ = C] fc r^r^ - Cj k H^H J ^ - R 1 ^, (18) 



W M = KDl^ + 2C) k HlTl y (19) 

Here we assume dY l v = Fl^U^dU , dH l u = HlJJ^dU 13 . So the following 
theorem is proved. 
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Theorem 1 Let G be a Lie group with the structure equations JEJ),© and 
(jjg 7 , C/g ,T l a , H % a are smooth functions satisfying the conditions (|T11) - ([TH|) . 
Then equalities (fT0|) . (fTT|) define the Lax representation of the system ((HJ. 

Example 1. 

The proposed construction can be used to obtain well known Lax repre- 
sentation of chiral fields equations valued in symmetric space G/H (see e.g. 

CU). 

Let 9 a = UpdU 13 are the basic forms and = —T^UpdU 13 are the con- 
nection forms of the symmetric space G/H. Then from (JEJ),© it follows 
that 

jja _ _ p>a -pi t j(f t rip 

ri j^i /-)(T "pi fit T^kr^j ryi 

\H,v] ~ 1 <r U \ti\i\ L v\ ~ U jk L fl v U nv 

Assume H\ = in lfTT|. Then the conditions (Q3J) , JUJ) , (HHJ) , ((HJ) are fulfilled 
and equations (f8l)- ([TTl) define the Lax representation of the system (jHJ), where 

G W~fl = °> 

i.e. are the coefficients of the canonical affine connection of the sym- 
metric space G/H with respect to the holonomic basis. 

Example 2. 

Let if be a Lie group. Consider the symmetric space (H x H)/H with 
the canonical affine connection. Then the structure equations of the sym- 
metric space (H x H)/H are of the form where Cj fc are the structure 
constants of the group H, = 2C^, R l a/3 = — Clg and all indices range 
from 1 to n — dimH. Assuming Y l a = 0, H % a = 8 l a in (fT0|) . (fTTJ) . we obtain the 
Lax representation of the system (JEJ with coefficients Crg of the form 

Gfa = 2U?C s vi ,U$U+, 

Here U% are the smooth functions with the following properties 

U IM = o. 
de*||E^|| ^ 0. 
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Theorem 2 Let H be a semi-simple Lie group and 

1) (U a ) is a local coordinate system on the group H; 

2) C^ 7 are the structure constants of the Lie group H with respect to the 
basis of left-invariant forms $ Q = T^dU^; 

3) h° a p is the Killing form of the Lie algebra f) of the group H given in the 
dual basis; 

4 ) h a /3 is the Killing metric of the group H, i. e. 

hap = h%T^; (20) 

5) a = a a pdU a A dU" is the 2- form which satisfies the condition 

da = h° Sa C^<l> 5 A $ 7 A $ /3 . 

Then the system of Euler- Lagrange equations for Lagrangian 

L = h a pU%UP + ka a pU%U% (21) 

admits the Lax representation. Here k ^ ±1 is an arbitrary constant. 

Proof. Consider the symmetric space (H x H)/H with the structure 
equations ((HI),©, where D% = 2C^, R l a p = — Cig and all indices range from 
1 to n. Assume 

U? = \jW^YTl 

1 k 

-.6L,Hi = -=J==5t., 



where k ^ ±1 is an arbitrary constant. Then the expressions (jTUj) . (jTTl) define 
the Lax representation for the system 

U: y + f«[T£ jT) + kCfafljypSU] = 0. (22) 

Now prove that the system ((221) i s the system of Euler's equations for 
Lagrangian (|2"T|) . Indeed, the Euler equations for the Lagrangian (|2"T|) results 
in the system ©, where 

1 ~ 3 ~ 
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One can easily verify that in our case we have the equalities 

G (Pi) = 2h a5 (h s% /3 + h S p tl - h/3 7}S ) = ffTfp^y (24) 

So the coefficients of the Euler equations are of the form (j22j) if the 
torsion 

A%, = Gm = kf^Tffi (25) 

of the connection satisfies the following condition A a ^ = hs a A s ^ = |a[o, 7i/ g]. 
Taking into account (001) . we obtain A a p 1 = khP a5 C^T^TtT^ . 

Notice that 3-form * = lK & C^T & a Tffi dU a A dW A dU p is closed due 
to the Jacobi identity. Therefore there exist, at least locally, a 2-form a such 
that the equality da = ^ is fulfilled. So assuming a a pd\J a A dU 13 = a, we 
obtain that the Euler equations for Lagrangian (|2T]l coincide with the system 
(|22j. □ 

Remark. One can easily verify that the coefficients G^ 7 defined by equal- 
ities J2JJ) , are the coefficients of the affine connection of homogeneous 
reductive space which can be characterized by the following conditions: 

VRfa = o, va« 7 = 0. 

Moreover, one can see that the Ricci identities 

R[f3jS] = 

are true for the connection with coefficients defined by (|2ij) , (|25|) . 

Notice that the Lax representation without parameter for the systems 
with such connection was mentioned in |12j . 

The Backlund transformation for the systems (1221) can be obtained from 
the following theorem 

Theorem 3 Let C^ 7 , Cp be the structure constants of n- dimensional Lie 
algebras and functions = Ug(U 1 ),Vg = V^iV 1 ) satisfy the equations: 

0g >7] =E^tf* det\\U$\\^0, (26) 
V$ til = C%y?V*, det\\V?\\?0, (27) 
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Then the equalities 

U$UZ = VjVf, (28) 

U?Ujl = -V«V? (29) 
define the Backlund transformations between the systems 

u: y + UTPUrt + 6Uu?uf)uSu] = 0, (30) 
K + VTWhi) + K<WW v £Vy = ( 31 ) 

Proof. Indeed, take the derivatives of equalities J2H1) , J2HJ) with respect to 
variables x and y. Then adding and subtracting the obtained equalities and 
taking into account ©J©,©,©, we arrive at the systems (l30l) . ([ITU . 

□ 

Corollary 1. The equalities (|28j ) . (|29j) define the Backlund transforma- 
tions between the systems 

U: y + Uf[Ufp ti] + kC^U^W y = 0, (32) 

K + W[W{ M + \c^W*W^V^ = 0, (33) 

were k = const and functions US = Up{U~ 1 ) ) Wp = W^iV 1 ) satisfy the 
equations 

U^=C<^Up^ det\\U«\\^0, (34) 

W$ iy] = C^W^W*, det\\W?\\*0. (35) 

Proof. Assume = C% 7 , Cfa = kC% v Wf = kV^. Then the functions 
Uf, W$ satisfy the Eqs.dHHI),® and the systems JSO},© coincide with the 
systems (f32] ) .p3 |) .D 
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3 Systems associated with the symmetric space 

G/{Hi x ... x H p ) 

We use the local coordinate approach to Lesnov-Saveliev construction in 
order to find the Lax representation for some systems of the form (QJ). 

Let G/H be a symmetric space with the structure equations of the form 

du a ' = D^O 1 A uf' , (36) 

d9 a = C^O 1 A p + R a p ,^' A c/' . (37) 

Here the Greek indices a, /3, 7 range from 1 to n and indices a', /3', 7' range 
from 7i + l to r. We assume 

uj a ' = \M a 'dx + ^-N a 'dy, (38) 
A 

9 a = T«Uldx + TfiUSdy, (39) 

where M a , N a ,T$,T% are the smooth functions of variables U 1 , U n .One 
can easily verify that the following theorem is true [T3] . 

Theorem 4 Let be the structure constants of the isotropy group H of 
some locally symmetric space G/H with the structure equations (|36 [) . (|37j) . 
Assume that there exist matrices ||TVg||, ||T 2 ^|| and functions M a ,N a with 
the following properties: 

%] = Cp^(i= 1,2), (40) 

det\\T$-T$\\?0, (41) 
M a s ' = D$JT£M? , (42) 

N$=D#^N?. (43) 

Then equalities JHHJ) , JHSJ) define the Lax representation of the system (JIJ 
i/ie functions Gq , Q a are 0/ i/ie /orm 

z^a pa[p<5 1 0/^<5 of nip or 1 ^ JDf ci' ] 
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where S* = + T 2 p), Pp = \{T^ — T 2 p) and P denotes the inverse 

matrix for P. 

The question under consideration is how to find the functions T^, M a ' , N a ' 
satisfying the condition (|^0|) - (|i3|) . One solution can be obtained by the fol- 
lowing way. Let C^ 7 be the structure constants of the group H with respect 
to a basis of left-invariant forms $ a = TpdU 13 . Assume TjJ = Tp, T 2 p = 
(or T$ = 0, T 2 a p = Tp). Then one can see that ffnjl . ffity and the com " 
patibility conditions for the systems (|4*2j) .(f4*3 jl are fulfilled. So the equalities 
(j36 | - p9|) define the Lax representation of the system (JTJ) with the coefficients 
Q a and mentioned in theorem 4. Notice that this Lax representation 
coincide with one obtained by Lesnov-Saveliev [HJ. Further we give another 
solution of the equations (|IO|) - fi3|) in case if is a direct product of simple 
groups H x ,...,H p . 

Let G/H be a locally symmetric space and H = Hi x H 2 , where Hi, H 2 
are the simple Lie groups. Split the local coordinates (U a ) into to groups 
(U ai , U a2 ) according to the decomposition of the group H and rewrite the 
structure equations of the symmetric space G/H in the form 

duf = D? ai 9 ai A + D^e " A uf<', (44) 

dQ a 2 = C a 2 ^ Q12 A 6 (3 2 + R a^ u7 > ^ Jf _ ^ 

We will use the following notations. 

1) g, h, h 1; h 2 are the Lie algebras of the groups Lie G, H, Hi, H 2 respectively. 

2) Cp* , are the structure constants of the Lie groups Hi,H 2 with 
respect to the bases of left-invariant forms $ Ql = T^dU^ 1 ,^ 2 = T^dU^ 2 . 

3) h° a2 p 2 are the matrices of the Killing forms •), h 2 {-, •) of the Lie 
algebras rj 1; h 2 given in the bases dual to the bases $° 2 and g°(-, •) is the 
Killing form of the algebra Q. 

4) Si are the constants satisfying the equalities 

fc?(v) = V(v)[ ll (< = 1,2). (47) 
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Such constants exist due to simplicity of the subalgebras f^, f) 2 . 

5) foai/?i, h a2 (i 2 are the Killing metrics of the groups Hi and H 2 respectively, 
i.e. 

Kfk = KtStTZ 7 *' (< = 1,2). (48) 

6) (Jj = a ai /3 i dU ai AdU^ (i = 1, 2) are the 2-forms which satisfy the conditions 



^ = ^^ $aiA$7lA$ft ( 4 9) 



Theorem 5 Zet G/H be a locally symmetric space, G the semi-simple Lie 
group and H = Hi x H 2 , where Hi, H 2 are the simple Lie groups. 
Then the Euler's system for Lagrangian 

L = S 2 [h aifh (W*) +e iaaifh (W*)]U?Ufr + 



+Si[h a2 p 2 (U^) + e 2 a a2fh (!r»)]U?U* + Q (50) 
admits the Lax representation if 

Q = 4SiS 2 g%M-<'N s ', (51) 

e, = ±l (z = 1,2), 
and functions M 7 ' , N 5 ' satisfy the following conditions: 

M 7 ' = ] —^ 1 D]'. T^M S ', Ml' = ] —^D]' n TTM 6 ' , (52) 

y = I^DJ' T^iV 5 ', N 1 ' = ^^D]', Ta 2 N s ' . (53) 
,pi 2 ° ai >" 2 2 

Proof. Assume 

0- = l*JlT%U*dx + l^TgUfdy, (54) 

^ Q2 = l^2 T ^ dx + l^ljgjjfh^ (55) 

a/ = AM 7 'rfx + y^ 7 '^- (56) 
A 
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Substituting the expressions (IH3l) - ljHnj) into the structure equations P^| - (plfi|) . 
we arrive at the system of the form JTJ) with coefficients 

G plji = TTi ftm) + £lT [?i,7i] ) ' ( 57 ) 

G /3 2 72 - 1 6 a l J (/3 2 , 72 ) + £2 >2,72]J' ( ^ 58 ' ) 

g ttl = 2e 1 f^R s ^,M 1 'N^, (59) 

Q aa =2£ 2 f^R s ^M^N p '. (60) 

Prove that this system is the Euler-Lagrange system for the Lagrangian (jHOJl . 
Indeed, the Euler equations for the Lagrangian (jHOJ) results in the system 

where the coefficients are of the form l|H7l) . l|H%J) . The proof of 

this fact is analogous to the proof of the theorem 2. 

Now prove that the functions —i^rh aifil Q ^ x coincide with the functions 
(Jo9"Jl . Let = h © m be a canonical decomposition, i.e. 

% h] C h, [h,m] C m, [m,m] C fj. 

Then due to the properties of the Killing form and (ETTj) it is true that 

h\{h, [mi, m 2 ]) = Si0°(mi, [m 2 , /i]) (61) 

for any arbitrary elements ft, G f) 1; m 1 ,m 2 G m. 

The equalities (pH) are equivalent to the following conditions 

^aipi-^py = Sgp's'Dj'^- (62) 

Now differentiating expression (jHTll and taking into account l|H2l . l|o3J) and 
(p2|). we obtain 

Q A = ASAg^AM^N 6 ' + M^'N s ; Pl ) = 
12 



= ^S^A^D^T^M^'N 3 ' + -pD s ; iai T^M^N^') = 

= —AeiS 2 h G awi RgilyiTp* M 7 ' N 5 ' 

and the functions — -^h ai(ix Q^ x coincide with the functions (|59|) . Analo- 
gously one can verify that the functions — ^h a2l32 Q^ 2 coincide with the 
functions (l60l).D 

Remark. In case E\ = e 2 we come to the system which can be obtained by 
means of Lesnov-Saveliev construction. 

Analogously can be proved the following theorem. 

Theorem 6 Let G/H be a locally symmetric space, G the semi-simple Lie 
group and H = Hi x ... x H p , where Hi, H p are the simple Lie groups. 
Then the Euler's system for Lagrangian 

i=i bi 

admits the Lax representation. Here £j = ±1; h ai ^ are the Killing metrics of 
the groups Hi (i = l,p); S = Si...S p ; constants Si are defined by equalities 

a aif3, are defined as in previous theorems by 2- forms c^; and M 13 ' , N 1 ' are 
defined analogously to previous theorem. 

Example 3. (The system associated with SO(6)/(SO{3) x SO (3)).) 

Choose the coordinates U 1 , U 2 , U 3 of the group SO (3) to be Euler's angles. 
Then the left-invariant forms can be written in the following form 

$! = - cos U 2 dU 3 - sin U 2 sin U 3 dU\ 

$ 2 = sin U 3 cos U 2 dU x - sin U 2 dU 3 , 
$ 3 = - CO sU 3 dU l -dU 2 

and 

d® 1 = $ 3 A $ 2 , $ 2 = A $ 3 , $ 3 = $ 2 A $ 1 
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are the structure equations of the group SO (3). On the second group H 2 = 
SO (3) we choose the local coordinates U A ,U 5 ,U 6 and left-invariant forms 
$ 4 , $ 5 , $ 6 analogously. 

Rewrite the structure equations of the symmetric space SO (6) /(SO (3) x 
5*0(3)) in the form 



dn = n a a ft 



0? 









(63) 



where the forms 9 b = —6 a ,6y = —9 a ,,u h = —uj a i, the indices a,b,c... range 
from 1 to 3 and a', b', ... range from 4 to 6. 
Assume E\ = —l,e 2 = 1, i.e. 



cosU 3 Ut-U*)dy, 0\ 



sin f/ 3 cos U 2 Ul + sin U 2 U 3 )dy, 



91 = (- cos £/ 2 £/ 3 - sin U 2 sin U 3 U^)dy, Q\ = (- cos £/ 6 £^ - U%)dx, (64) 
^ = (-sin[/ 6 cosf/ 5 ^+sin[/ 5 ^ 6 )rfx, 6 5 6 = (- cos f/ 5 ^-sin U 5 sin U 6 U*)dx } 

u a a , = \M a a ,dx + ^A a a ,^. (65) 

Substituting the expressions ijfiljl . (JfiKJl into Eqs. (|63|) and equating the coeffi- 
cients with A and j- , we arrive at the system of partial differential equations 
for the functions M% f ,N% r . Integrating this system, we find the simplest so- 
lution: Ml = sin U 2 sin U 3 , Mf = - cos U 2 sin U 3 , Ml = cosU 3 , Af = 
k sin U 2 sin U 3 , N 3 = — k cos U 5 sin U 6 , Af = kcosU 6 , where k = const, and 
the other functions M®,,N®, vanish. Substituting these functions M% r ,N%,, 
into Eqs. (j65|) . we obtain the Lax representation of the Euler-Lagrange system 
for Lagrangian 

3 6 

L = UpU* + 2 cos U 3 UlU 2 x + U ** U y 2 

01=1 ft =4 



+ cos U*(U*U* + U*U b y ) - cos U 6 {Uftl - U^Ul) + 2k cos U 3 cos U 6 . (66) 
Example 4. (An integrable extension of the sine-Gordon equation) 
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Notice that the system of Euler-Lagrange equations for the Lagrangian 
(Ififijl admits the reduction which is similar to one shown in [H]. Indeed, 
inserting the expressions 

U l x = -cosU 3 U 2 x , U l y = l — U 2 , 

y costv^ y 

U 4 = l — Ul U 4 = - cos U % XJl 

cost/ 6 y y 

in this system, we arrive at the system 

U 2 +U 3 U 2 ctgU 3 +——^ t-U 3 U 2 = 0, U 3 -U 2 U 2 tgU 3 +k sin U 3 cos U e = 0, 

1 x sin f/ 3 cos f/ 3 y y " 

U*+U*U!ictgU 6 +—- r = 0, U x -U^U x tgU e +n cos U 3 sin U 6 = 0. 

xy y x gm jjq cog jjq x y xy y x X 

The latter system is not the system of Euler-Lagrange equations. However, 
it admits the Backlund transformation defined by the equalities 

u 2 = cosU3 y\ u 2 = — - — v\ u 3 = v 2 , 

y 1 + cosC/ 3 y ' x 1 + cost/ 3 *' 



u 5 = — - — v 3 , u 5 = cosU V 3 , U 6 = V 4 

y 1+cosC/ 6 »' x 1 + cosC/ 6 •'■ 
to the Euler-Lagrange one 



V 1 H — VV 2 H — V 2 V 4 = 0, 

y sin y sin F 2 v ' 

sin 

^ ~ (l + cosF 2 ) 2 ^ 1 + * C ° S ^ = °' 

v& + -^71 W + -\n v i v x = 0, (67) 

y sm I/ 4 y sin I/ 4 y 

SI Tl I/ 7 " 

K - {1 + cosV ^ v v v " + k cos y2 sin ^ 4 = °- 

The Lagrangian for the system (ffiTj) is of the form 

L = V x Xtg 2 ^- + V 2 V 2 + V 3 £ V 3 tg 2 Xr + V 4 V 4 + 2k cos V 2 cos V 4 . (68) 
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Remark 1. The system ljfi7j) could be considered as a "doubled" complex 
sine-Gordon system. Indeed, inserting V 1 = V 3 ,V 2 = V 4 in (jBTjl . we arrive 
at the complex sine-Gordon system. Further, assuming V 1 = V 3 = V, V 2 = 
V 4 = we obtain well known sine-Gordon equation. 

Remark 2. The metric associated with the Lagrangian is the product 
of two black hole metrics [T5] . 

Remark 3. The system (|6Tjl admits the Lax representation which can be 
written in the form (JMJ), where 

sin -V 



2 cos V 2 cos 2 

^ = ^OK?** - fl 5 4 = -^(V'dx + V 3 dy), 



2 

■ V 4 i 
Sill — 



& 2cos 2 ^ v * y 6 2' 

Ml = Ml = 0, Nt = Nl, = 0, 

V 2 V 4 V 2 V 4 

M? = sin — sin — , M? = — sin — cos — , 
5 2 2 6 2 2 

I/ 2 \/ 4 o I/ 2 V 4 

MS = — cos — sin — , MS = cos — cos — , 
5 2 2 6 2 2 

, • ^ 2 • V 4 Ar2 , . \/ 2 V 4 
iVc = /e sm — sin — , J\ R = k sin — cos — , 
5 2 2 6 2 2 

, ^ 2 o I/ 2 V 4 

N? = k cos — sin — , NS = n cos — cos — . 
5 2 2 6 2 2 

Notice, that we construct the Lax representation of the system ijfiTj) with 
the help of the structure equations of the symmetric space SO(6)/(SO(3) x 
5*0(3)). Further we give examples of new integrable systems similar to 
Example 4. These systems differ from ones mentioned in theorem 5 but the 
Lax representations for them are associated with the symmetric spaces of the 
form G/{Hi x H 2 ). 
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Theorem 7 To every symmetric space of the form SO(p + 3)/(SO(p) x 
£0(3)) (p > 3) there corresponds the Lax representation of Euler's equations 
for Lagrangian 

L = g^U^U* + aajkUfU* - 2(p - 2)\V x x V y Hg 2 ^- + V x 2 V y 2 ) 



+4(p-2)M b b ,N*. (69) 

Here g ai p 17 a«iA are of the same sense as in previous theorems, Latin indices 
a, h range from 1 to p; indices a', b' range from p + 1 to p + 3 and functions 
My,Ny will be defined in the proof. 

Proof. We use the embedding of the group SO(p + 3) into GL(p + 3) and 
rewrite the structure equations of the symmetric space SO(p + 3)/ (SO(p) x 
5*0(3)) in form (|63j) . where indices a,b = l,p, a',b' — p + l,p + 3. Let the 
coefficients Hfe = —H%g be defined by the embedding of the Lie algebra 
so(p) into the gl(p). Then these coefficients satisfy the identities: 

^iCft 7l - H^H^^, (p - 2)Hg /3l Ha 7l = hp l71 , (70) 

where C^ 1 and hp iyi are the structure constants and the Killing metric of 
so(p) whit respect to the basis $ Ql = T^dU" 1 . 
Assume 

91 = HfaTftUfdx, e p p X\ = —^{V^dx + Vjdy), (71) 

2 cos ^j- 

■ Yl i 

P P tl = -—^(V x l dx - V y l dy), QUI = -SVldx - V y 2 dy), (72) 
z cos * 

1 



u a a , = XM a a ,dx + -N*,dy 



in (|63|) . Then we obtain the completely integrable systems for the functions 



1 • v 2 

| Sill — 

= o, M; +1>yl = - — ^m; +2 + - — ^ +31 m; +1>f2 = o, 

2 cos -y- 2 cos^ 
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I Sill — — 

M p+2t vi = —- 7F2M +1 , M +2 y 2 = — -M +3 , M +3 V i = — - — —M +1 , 
2 cos 2 2 cos 2 ■V 



2 2 



A/f a — 1 M a N a — 9 H a T 71 /V b /V a — 1 AJ a — sm 2 N a 

M p+3,V 2 ~ 2 M p+2i J V,/3i ~ ^671 1 ft iV a' > iV p+l,yl ~ 2c os^ P+ 2 2cos 2 -^ P+ 3 ' 



2 ~ 2 



1 1 

— fl AT a — AT a AT a — AT a 

JV p+l,V 2 — U ' iy p+2,V l — ~ v2 JV p+l> ly p+2,V 2 — ^ p+3' 

— COS 2 

• V 2 1 

Sill — 

JUQ _ 2 Ara a ra _ Ara 

^p+S.V 1 _ 7J i^£ iV P+l' iV p+3,V 2 _ ~n P+ 2 ' 
COS 2 

One can verify that integrating these systems and then substituting the found 
solutions and expressions ijTTjl . (JT2J) into Eqs. (|63|) . we obtain the Lax repre- 
sentation of the Euler-Lagrange system for Lagrangian (|69|. □ 

Theorem 8 To every symmetric space 

SO(p + 2)/(SO(p) x SO (2)) (p > 3) there corresponds the Lax represen- 
tation of Euler's equations for Lagrangian 

L = [g^AU 11 ) + a^^WTU^ - 2(p - 2)k 2 V x V y + 4(p - 2)M b b ,N h ^ 

where k = const. 

Proof. The Lax representation of these system we obtain substituting 

91 = HfaTftUfdz, e% = kV y dy } (73) 

u a a , = \M a a ,dx + jN a a ,dy 
in (jnnjl . Here the functions M",, iV°, satisfy the following equations: 

M a a , ft = 0, m; +1;V = kM a p+2l M; +2y = -kM; +1 , (74) 



Ara _ rra rp"ji jyrb nra r> 
iV a',ft — n lryi 1 j3 1 ly a'i iV a' ,V ~ U ' 



□ 



Example 5. (The system associated with SO(5)/(SO(3) x SO(2)).) 

Choose the local coordinates and left-invariant forms on the group SO (3) 
as in Example 1. Assume Mg 1 = sin U 2 sin £7 3 , Mf = — cos C/ 2 sin U 3 , Mf = 
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cosf/ 3 , Ml = 0, N], = N 2 = 0, Nl = IsinkV, iVf = IcoskV, I = 
const, k = const. Then we obtain the Lax representation of the Euler- 
Lagrange system for the Lagrangian 

3 

L=J2 Ux'Uy 1 + k 2 V x V y + 2 cos U 3 U}U% + 21 cos U 3 cos W. 
«i=i 

Carrying out the reductions and the Backlund transformation analogous 
to Example 1, we obtain the system 

V 1 + 1 V X V 2 + 1 V 2 V X = 0, 
xy sin V 2 y x sin V 2 v x ' 

sin 

K - ii + cosV 2 Y V X + 1 sin V 2 sin V * = 0, (75) 

K 3 + jcos'^/ 2 sin/d/ 3 = 
y k 

which is the Euler's system for the Lagrangian 

V 2 

L = V^V y Hg 2 — + V 2 V 2 + k 2 V 3 V 3 + 21 cos V 2 cos kV 3 . (76) 

This system admits the Lax representation of the form IpHjt . where 

i • v 2 

01 = ^dx + Vjdy), 91 = — f^ iyldx - Vjdy), 

2 cos \ 2 cos 2 \ 

e\ = l -(y 2 dx - v 2 d y ), el = kv x 3 dx, 

uj\, = XM^dx + ^N#dy } 

A 

M£ = Ml = Nl = N l = 0, Mf = -sin^, Mf = cos^f, N 2 = 
I sin ^ sin kV 4 , N 2 = I sin ^ cos kV 3 , N 3 = I cos ^ sin /c^ 3 , iV| = Z cos cos 
Notice that the integrable systems with Lagrangian 

L = VXta 2 ^ + V 2 V; + k 2 V 3 V 3 + Q 
were completely studied by Meshkov A.G. and Demskoi D.K. (see e.g. [1J,[16J). 
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